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We present a simple numerical scheme for perturbation theory (PT) calculations of large-scale
structure. Solving the evolution equations for perturbations numerically, we construct the PT kernels
as building blocks of statistical calculations, from which the power spectrum and/or correlation
function can be systematically computed. The scheme is especially applicable to the generalized
structure formation including modified gravity, in which the analytic construction of PT kernels is
intractable. As an illustration, we show several examples for power spectrum calculations in f(R)
gravity and ΛCDM models.
I. INTRODUCTION
Evolution of large-scale matter inhomogeneities is
driven by gravity in a cold dark matter dominated uni-
verse. As decreasing redshift, development of gravita-
tional clustering eventually enters the nonlinear regime,
and the linear theory prediction ceases to be adequate.
Even at large scales, the transition to nonlinear evolu-
tion appears as a non-negligible effect, which has to be
properly incorporated into theoretical predictions in con-
fronting with precision observations. Indeed, aiming at
measuring the baryon acoustic oscillations (BAO) and
redshift-space distortions (RSD) as probes of the cos-
mic expansion and growth of structure (e.g., [1–3]), an
accuracy of theoretical calculation needs to be better
controlled, including observational systematics as well as
new cosmological effects such as modification of gravity
or free-streaming suppression of massive neutrinos.
Among several approaches to deal with nonlinear
structure formation, perturbation theory (PT) of large-
scale structure is suited for predicting statistical quan-
tities at cosmological scales of our interest [4], particu-
larly relevant for BAO and RSD. Albeit its limitation to
weakly nonlinear regime, the PT treatment tells us how
the nonlinear clustering is developed through the cou-
pling between different Fourier modes in analytic way,
characterized by the so-called (standard) PT kernels. In
particular, in the standard cosmological model, the PT
kernels are systematically constructed with recursion re-
lations (e.g., [4–6]), and higher-order corrections to the
power spectrum or bispectrum are computed efficiently
(e.g., [7–11]). Further, these PT kernels are applied
to several resummed PT calculations recently developed
(e.g., [6, 12–20]), with which the applicable range of PT
prediction becomes greatly improved.
One important remark in the present PT treatment
is, however, that the calculations heavily rely on the an-
alytic PT kernels constructed with recursion relations.
Apart from a few exceptional case including the Einstein-
de Sitter universe, the analytic construction of PT kernels
is generally intractable. This is even the cases for stan-
dard Lambda cold dark matter (ΛCDM) model, in which
the mode coupling successively generates a set of higher-
order growth functions, and a tractable higher-order cal-
culation needs to be handled by the so-called Einstein-de
Sitter approximation (e.g., Ref. [21–23]). Although some
of the cases are cured by generalizing the analytic recur-
sion relation [24], more difficult cases arise from the mod-
ification of gravity or structure formation. An example
is the modified gravity models with the Chameleon-type
screening mechanisms [25] (e.g., f(R) gravity [26, 27]). In
these models, gravity sector is modified in the presence
of a new scalar degree of freedom, coupled with Poisson
equation. The resultant evolution of perturbations are
not separately treated in time and scales, and the time
evolution of statistical quantities has to be numerically
solved (e.g., [28]).
In order to deal with PT calculation in an analytically
intractable situation, several numerical approaches have
been so far presented (e.g., [22, 23, 28–30]). These ap-
proaches are basically the moment-based method that
numerically solves the time evolution of statistical quan-
tities. The methods particularly rely on a specific re-
summed PT formalism, and give a statistical prediction
in a wider applicable range.
In this paper, rather than computing the statistical
quantities directly, we are interested in the numerical
scheme to reconstruct the PT kernels, since these are
building blocks of various perturbative treatments, and
many applications would be possible. We here present a
simple numerical method to reconstruct the PT kernels.
As an illustration, we consider the structure formation
in f(R) gravity model as well as general relativity (GR),
and show several examples for power spectrum calcula-
tions based on both the standard PT and resummed PT
treatments.
This paper is organized as follows. In Sec. II, we begin
by briefly reviewing the basic equations for perturbations
based on a general framework to deal with a wide class
of modified gravity models. Sec. III then describes the
2numerical treatment to reconstruct the PT kernels. With
a relevant cosmological setup and initial conditions, PT
kernels are numerically reconstructed by solving the evo-
lution equations for perturbations. Sec. IV demonstrates
the numerical scheme for PT kernels, and presents sev-
eral examples for the power spectrum calculation, based
on the standard and resummed PT treatment in both GR
and f(R) gravity. Finally, Sec. V is devoted to summary
and discussion.
II. BASIC EQUATIONS FOR PERTURBATIONS
In this section, we present a framework to deal with PT
calculations of large-scale structure. We are particularly
interested in a wide class of structure formation that can
differ from the standard ΛCDM model. In this paper,
we consider the PT formalism developed by Ref. [28],
with which we can describe the structure formation in a
variety of modified gravity models that has a nonlinear
screening mechanism to recover GR.
On large scales of our interest, where the dynamics
of matter fluctuations is approximately described by the
single-stream approximation of collisionless Boltzmann
equation, the evolution of CDM plus baryon system can
be regarded as an irrotational and pressureless fluid sys-
tem. The governing equations for matter fluctuations
become
∂δ
∂t
+
1
a
∇ · [(1 + δ)v] = 0, (1)
∂v
∂t
+H v +
1
a
(v · ∇) · v = −
1
a
∇ψ, (2)
where ψ is the Newton potential. In modified gravity,
the gravity sector relevant for structure formation is gen-
erally modified in the presence of new scalar degree of
freedom. In most of the models, this modification can
be described by the Brans-Dicke type scalar field, and
the Newton potential couples with both the matter and
Brans-Dicke scalar. The modified Poisson equation must
be solved with scalar-field equation:
1
a
∇2ψ =
κ2
2
ρm δ −
1
2a2
∇2ϕ, (3)
(3 + 2ωBD)
1
a2
∇2ϕ = −2κ2ρm δ − I(ϕ) (4)
with κ2 = 8piG and ωBD being the Brans-Dicke param-
eter. Here, we employ the quasi-static approximation,
valid at the sub-horizon scales. Note that the field ϕ has
a nonlinear self-interaction term, I, by which the screen-
ing mechanisms that recovers GR at nonlinear regime can
be realized. In PT framework, it is expanded as
I(ϕ) =M1(k)
+
1
2
∫
d3k1d
3k2
(2pi)3
δD(k − k12)M2(k1,k2)ϕ(k1)ϕ(k2)
+
1
6
∫
d3k1d
3k2d
3k3
(2pi)6
δD(k − k123)M3(k1,k2,k3)
× ϕ(k1)ϕ(k2)ϕ(k3) + · · · (5)
The functions Mn are in general model-dependent, and
are explicitly given provided the concrete model of mod-
ified gravity [28]. In this paper, we will demonstrate our
numerical PT treatment described in Sec. III, specifically
focusing on GR and f(R) gravity. The functions Mn are
then explicitly given by [28]
Mn =

0, GR
dnR(fR)
d fnR
, f(R) gravity
(6)
with R being the background curvature and fR ≡
df(R)/dR. As a successful f(R) gravity model for
the late-time cosmology, we consider the specific func-
tional form in the high-curvature limit, given by f(R) =
−2κ2 ρΛ + |fR,0| (R
2
0/R) with R0 being background cur-
vature today. This model has been frequently stud-
ied in the literature, and with |fR,0| ≪ 1, the back-
ground cosmic expansion becomes nearly identical to
the ΛCDM model. In this case, Eq. (6) reduces to
Mn = {(2n + 1)!/(−2 |fR,0|)
n}(R/R0)
2nR, and we have
R = κ2(ρm + 4ρΛ). Below, we set the model parameter
|fR,0| to 10
−4 for illustrative purpose, and presents the
results.
Eqs. (1)–(4) are the basic equations for perturbations.
In Fourier space, these can be reduced to a more compact
form. Assuming the irrotationality of fluid quantities,
the velocity field is expressed in terms of scalar quantity,
θ = ∇ · v/(aH). Then, we have [28],
H−1
∂δ(k)
∂t
+ θ(k)
= −
∫
d3k1d
3k2
(2pi)3
δD(k − k12)α(k1,k2) θ(k1)δ(k2),
(7)
H−1
∂θ(k)
∂t
+
{
2 +
H˙
H2
}
θ(k) +
κ2ρm
2H2
{
1 +
1
3
(k/a)2
Π(k)
}
δ(k)
= −
1
2
∫
d3k1d
3k2
(2pi)3
δD(k − k12)β(k1,k2) θ(k1)θ(k2)
−
1
2H2
(
k
a
)2
S(k). (8)
3Here α and β are the mode-coupling kernels given by
α(k1,k2) = 1 +
k1 · k2
|k1|2
,
β(k1,k2) =
(k1 · k2)|k1 + k2|
2
|k1|2|k2|2
.
The function Π characterizes the deviation of the New-
ton constant from GR, while the quantity S is originated
from the non-linear interactions of the scalar field, which
is responsible for the recovery of GR at small scales. The
explicit form of these are obtained from the Poisson equa-
tion and field equation for Brans-Dicke scalar [Eqs. (3)-
(5)], and the expressions relevant for perturbations up to
the third oder are respectively given by [28, 31]:
Π(k) =
1
3
{
(3 + 2ωBD)
k2
a2
+M1(k)
}
, (9)
S(k) = −
1
6Π(k)
(
κ2 ρm
3
)2 ∫
d3k1d
3k2
(2pi)3
δD(k − k12)M2(k1,k2)
δ(k1)δ(k2)
Π(k1)Π(k2)
−
1
18Π(k)
(
κ2 ρm
3
)3 ∫
d3k1d
3k2d
3k3
(2pi)6
δD(k − k123)
{
M3(k1,k2,k3)−
M2(k12,k3)M2(k1,k2)
Π(k12)
}
δ(k1)δ(k2)δ(k3)
Π(k1)Π(k2)Π(k3)
.
(10)
Here, in deriving the last expression, we perturbatively
express the scalar field ϕ in terms of δ using Eqs. (4) and
(5) (see Appendix B of Ref. [31] for derivation).
III. SOLVING PERTURBATION THEORY
KERNELS NUMERICALLY
The main goal of the PT calculation is to solve Eqs. (7)
and (8) perturbatively, and to apply their perturbative
solutions to the statistical predictions of large-scale struc-
ture. To start with, let us expand the quantities δ and θ
as
δ(k; t) = δ(1)(k; t) + δ(2)(k; t) + · · · , (11)
θ(k; t) = θ(1)(k; t) + θ(2)(k; t) + · · · . (12)
Our focus here is the evolution of matter fluctuations
seeded by a tiny density fluctuation. In this case, the
solutions of perturbations are expressed as[56]
δ(n)(k; t) =
∫
d3k1 · · · d
3kn
(2pi)3(n−1)
δD(k − k12···n)
× Fn(k1, · · · ,kn; t) δ0(k1) · · · δ0(kn), (13)
θ(n)(k; t) =
∫
d3k1 · · · d
3kn
(2pi)3(n−1)
δD(k − k12···n)
×Gn(k1, · · · ,kn; t) δ0(k1) · · · δ0(kn), (14)
where δ0 is the random initial density fluctuation. The
functions Fn and Gn are the so-called standard PT ker-
nels, and in some limited cases, these are analytically
constructed with recursions relations [4–6] based on the
Einstein-de Sitter approximation, by which all the non-
trivial higher-order growth factors are expressed in terms
of the linear growth factor. In general structure forma-
tion with Eqs. (7), (8), and (10), however, the systematic
construction of PT kernels is analytically intractable (see
[28, 32] for some attempts in a class of modified gravity
models). A typical case is the f(R) gravity, in which the
scale- and time-dependence of the perturbation equations
are no longer separable.
In this paper, solving the evolution equations, we con-
sider the numerical construction of PT kernels. Defining
the linear operator of the matrix form (here a is the scale
factor of the Universe):
4L̂(k; a) ≡

a
d
da
1
3
2
(
H0
H(a)
)2
Ωm,0
a3
{
1 +
1
3
(k/a)2
Π(k)
}
a
d
da
+
(
2 +
H˙
H2
)
 , (15)
the evolution equations for the kernels Fn and Gn are written as
L̂(k1···n; a)
 Fn(k1, · · · ,kn; a)
Gn(k1, · · · ,kn; a)
 =
 Sn(k1, · · · ,kn; a)
Tn(k1, · · · ,kn; a)
 . (16)
The source functions Sn and Tn represent the nonlinear
mode coupling, and are written in terms of the lower-oder
perturbed quantities. The explicit form of these functions
is derived from the basic equations (7), (8), and (10), and
we below summarize those up to the third order.
A. Source functions
Obviously, the source function at first-order should
vanish, since we do not consider any interaction at linear
order. We thus have
S1(k; a) = 0, (17)
T1(k; a) = 0. (18)
At second order, even with the vanishing source terms,
the linear-order solution obtained from Eq. (16) naturally
induces the non-vanishing source function. From Eqs. (7)
and (8), we can read off
S2(k1,k2; a) = −
1
2
{
α(k1,k2)G1(k1)F1(k2)
+ α(k2,k1)G1(k2)F1(k1)
}
, (19)
T2(k1,k2; a) = −
1
2
β(k1,k2)G1(k1)G1(k2)v
+
1
12
(
k12
aH(a)
)2
H40
Π(k12)
×
(
Ωm,0
a3
)2
M2(k1,k2)
F1(k1)F1(k2)
Π(k1)Π(k2)
. (20)
The source functions given above are expressed in a
symmetric form, i.e., S2(k1,k2) = S2(k2,k1) and
T2(k1,k2) = T2(k2,k1). This implies that numerically
solving Eq. (16) with the above source functions auto-
matically gives the symmetrized PT kernel for F2 and
G2.
In a similar way, the third-order source functions are
read off from the evolution equations to give
S3(k1,k2,k3; a) = −α(k1,k23)G1(k1)F2(k2,k3)− α(k23,k1)G2(k2,k3)F1(k3), (21)
T3(k1,k2,k3; a) = −β(k1,k23)G1(k1)G2(k2,k3) +
1
6
(
k123
aH(a)
)2
H40
Π(k123)
(
Ωm,0
a3
)2
M2(k1,k23)
F1(k1)F2(k2,k3)
Π(k1)Π(k23)
+
1
36
(
k123
aH(a)
)2
H60
Π(k123)
(
Ωm,0
a3
)3 {
M3(k1,k2,k3)−
M2(k23,k1)M2(k2,k3)
Π(k12)
}
F1(k1)F1(k2)F1(k3)
Π(k1)Π(k2)Π(k3)
.
(22)
5Note here that the expressions given above are not fully
symmetrized with respect to the exchange of each argu-
ment, but are partly symmetric under k2 ↔ k3. Thus,
the PT kernels numerically constructed with the above
source functions needs to be properly symmetrized for
later analysis in the statistical calculations. Making use
of the partial symmetry, the symmetrized kernels are ob-
tained from
F3,sym(k1,k2,k3; a) =
1
3
{
F3(k1,k2,k3; a) + cyclic perm.
}
,
(23)
G3,sym(k1,k2,k3; a) =
1
3
{
G3(k1,k2,k3; a) + cyclic perm.
}
.
(24)
B. Initial conditions
We are interested in the structure formation starting
with initial condition consitent with CMB observations.
In such a case, the Universe at an early epoch would be
approximately described by the Einstein-de Sitter Uni-
verse. The evolution of matter fluctuations is dealt with
linear theory, from which we obtain the growing-mode
solution, F1 ∝ a and G1 ∝ −a. Since we are also inter-
ested in the late-time evolution dominated by the growing
mode, as a natural initial condition, we may set
F1(k; ai) = ai, G1(k; ai) = −ai, (25)
where ai is the initial scale factor, which we will typically
take ai = 10
−4. For the higher-order PT kernels, the
initial condition becomes
Fn(k1, · · · ,kn; ai) = 0, Gn(k1, · · · ,kn; ai) = 0.
(26)
While the initial conditions given above may be the
most relevant set up consistent with observations, we can
of course examine the other setup to test the different
structure formation scenarios. As an example, we will
present the cases with Zel’dovich initial condition. Note
that for statistical calculations, we need to further fix the
properties of the initial density field δ0 in Eqs. (13) and
(14). In Sec. IV, we will demonstrate several examples
assuming the Gaussianity of δ0.
C. Numerical implementation
Given a set of evolution equations and initial condi-
tions for PT kernels, it is straightforward to obtain nu-
merical solutions. Since the evolution equations for each
PT kernel are the ordinary differential equations, and in
most of the cases these are expressed in a regular and
non-singular form, the standard integrator is sufficient
for a precision calculation. We will present below the nu-
merical results based on the Bulirsch-Stoer method (e.g.,
[33]).
As it will be demonstrated below, we are particularly
interested in the power spectrum calculations at next-to-
leading order, called one-loop. In this case, we need at
least kernels up to the third order, for which a specific
procedure of the numerical calculation is given as follows.
Introducing a shortcut notation Fn = (Fn, Gn), for a
given set of wave vectors (k1, k2, k3),
(a). Solve simultaneously the evolution equations for
the kernels, F1(ki) (i = 1, 2, 3), F2(k2,k3), and
F3(k1,k2,k3).
(b). Repeat (a) to obtain F3(k2,k3,k1) and
F3(k3,k1,k2).
(c). Combining the results (a) and (b), evaluate the
symmetrized kernel, F3,sym through Eq. (23).
Note that the kernels F2 are automatically sym-
metrized with the source terms in Eqs. (19) and (20). The
above procedure is applied to many set of wave vectors
used for the mode-coupling (loop) integrals until a suffi-
cient number of kernels are sampled over a wide Fourier
modes. As we will see in IVA, thank to the statisti-
cal isotropy, the data size of the PT kernels needed for
power spectrum calculations is not actually so large at
one-loop order. The second- and third-order kernels are
just tabulated as the three-dimensional array, and hence
the kernel data for one-loop calculations can be quickly
created even without parallel computation.
IV. DEMONSTRATION IN POWER
SPECTRUM CALCULATIONS
In this section, numerical scheme to solve PT kernels
presented in Sec. III is demonstrated in the power spec-
trum calculations, focusing on both GR and f(R) gravity.
We first present the results of standard PT calculation
in Sec. IVA. Application of our numerical treatment to
the resummed PT calculation is presented in Sec. IVB.
As another interesting application, in Sec. IVC, we ex-
amine the power spectrum calculations starting with the
Zel’dovich initial condition, and quantify the impact of
transients based on the standard PT treatment. Fi-
nally, in Sec. IVD, practical application of our numerical
scheme to the modeling of power spectrum in redshift-
space is briefly discussed.
In what follows, we assume Gaussian initial condition,
for which the randomness of the initial density field δ0 is
solely characterized by the initial (linear) power spectrum
P0:
〈δ0(k)δ0(k
′)〉 = (2pi)3δD(k + k
′)P0(k). (27)
Adopting the flat ΛCDM model, we use the CMB Boltz-
mann code, camb [34], to compute the initial (linear)
power spectrum based on the cosmological parameters
consistent with nine-year WMAP results [35]: Ωm =
0.281, ΩΛ = 0.719, Ωb = 0.0464, h = 0.697, ns = 0.971,
σ8 = 0.851 (see Ref. [31]).
6FIG. 1: Matter power spectra at z = 0.5 (blue) and z = 1
(red) in standard PT calculations. Top: power spectrum mul-
tiplied by k3/2. While solid lines are the one-loop power
spectra reconstructed from the numerical data of PT ker-
nels, black dotted lines are the analytic PT results based on
the Einstein-de Sitter approximation. For comparison, linear
theory predictions are depicted as dashed lines. Bottom: frac-
tional difference of the standard PT results between numerical
approach and analytic treatment, P SPTnum (k)/P
SPT
analytic(k)− 1.
A. Standard PT
Provided the standard PT kernels up to the third or-
der, first leading-order corrections called one-loop are
computed. Here and in what follows, we abbreviate all
the symmetrized kernels Fn,sym to Fn. The power spec-
trum of density field or matter power spectrum, Pδδ, is
given by
P SPTδδ (k) = {F1(k)}
2 P0(k)
+ 6F1(k)
∫
d3q
(2pi)3
F3(q,−q,k)P0(q)
+ 2
∫
d3q
(2pi)3
{F2(q,k − q)}
2
P0(q)P0(|k − q|). (28)
Although the expression apparently involves the three-
dimensional integrals, it is known in the GR case that
these are reduced to one- and two-dimensional integrals
(e.g., [7, 8, 10]). Recently, a novel algorithm for fast com-
putation has been proposed [36, 37]. In general structure
formation scenarios including modified gravity, such a
fast algorithm is no longer adequate, however, statisti-
cal isotropy still enables us to reduce these integrals to
two-dimensional, which can be quickly evaluated with
standard Gaussian quadrature.
Fig. 1 shows the power spectra at z = 0.5 (red) and
1 (blue) in GR. The results reconstructed from the nu-
merical PT kernels (solid) are compared with those ob-
tained from the analytic kernels (dotted). In comput-
ing the power spectrum from the numerical PT kernels,
the kernel data of F2(q,k − q), F3(q,−q,k) are first
stored in the three-dimensional array (k, q, µ) with 121
bins for wavenumbers k and q, and with 15 bins for di-
rectional cosine µ = (k · q)/(|k||q|). The wavenumber
k and q are sampled in the range, [10−3, 10]hMpc−1 in
logarithmic scales. With the 1212 × 15 arrays, it typi-
cally costs 50-90 seconds on a laptop computer without
parallel computation[57]. Then, the stored kernel data
F2 and F3 are delivered to the code to compute Eq. (28),
which creates the power spectrum data with typically
10-20 seconds.
The resultant power spectra obtained from the two
methods concides with each other, and are indistinguish-
able. To see the quantitative difference in detail, bottom
panel of Fig. 1 plots the fractional difference between
the two, [P SPTnum (k)−P
SPT
analytic(k)]/P
SPT
analytic(k), with P
SPT
num
and P SPTanalytic being respectively the power spectra com-
puted with numerical and analytic PT kernels. Within
the validity range of the standard PT one-loop, which
is roughly k . 0.1 and 0.15 at z = 0.5 and 1, the dif-
ferences are well within 0.1%. Extrapolating the results
to higher-k, there appears a slight systematic increase of
the fractional difference. This presumably comes from a
small flaw in the power spectrum calculations with an-
alytic PT kernels, for which the Einstein-de Sitter ap-
proximation (e.g., Ref. [21–23]) is used to evaluate the
higher-order growth factors. Since the systematic devia-
tion arising from this approximation manifests far away
from the applicable range of PT, it does not give any
impact on the PT calculation at all. Rather, the present
numerical scheme is proven to be helpful for a quick check
of the analytic PT treatment.
B. Resummed PT calculation
Having confirmed an accurate power spectrum calcu-
lation with numerical PT kernels, we demonstrate our
method to the resummed PT calculations. The resumed
PT scheme considered here is the multi-point propagator
expansion proposed by Ref. [17]. The scheme is applied
to a practical power spectrum calculation at two-loop
order in Refs. [16, 20]. Also in modified gravity case,
Ref. [31] demonstrated the one-loop calculation in f(R)
gravity. In this resummed PT, the multi-point propaga-
tors are the building blocks of systematic PT expansion,
which possess non-perturbative properties that can be
obtained in standard PT by summing up infinite series of
PT expansions. A systematic construction of the (p+1)-
7FIG. 2: Matter power spectra in GR (left) and f(R) gravity (right) at z = 0, 0.5, 1, and 2 (from top to bottom). Based on
the numerically constructed PT kernels up to third order, standard and resummed PT calculations are performed, and the
results multiplied by k3/2 are compared with N-body simulations taken from Ref. [31]. Long-dashed short-dashed lines are
the one-loop predictions based on RegPT and standard PT, respectively. On the other hand, solid lines represents the results
based on the MPTbreeze treatment, which effectively gives two-loop predictions. For reference, linear theory prediction are
depicted as dotted lines.
point propagators, Γ(p), is thus the key in the multi-point
propagator expansion, and there are methods to accu-
rately construct propagators based on the standard PT
kernels.
One proposed method is the regularized PT (RegPT)
treatment in Ref. [17, 20]. Using the standard PT kernels
up to third-order, this method enables us to compute
resummed power spectrum at one-loop order:
PRegPTδδ (k) =
{
Γ
(1)
reg,δ(k)
}2
P0(k)
+ 2
∫
d3q
(2pi)3
{
Γ
(2)
reg,δ(q,k − q)
}2
P0(q)P0(|k − q|),
(29)
where the regularized propagators Γ
(1)
reg,a and Γ
(2)
reg,a con-
sistent with one-loop calculation are respectively given
by [31]
Γ
(1)
reg,δ(k) =
{
F1(k)
(
1 +
k2σ2d
2
)
+ 3
∫
d3q
(2pi)3
F3(q,−q,k)P0(q)
}
e−k
2σ2
d , (30)
Γ
(2)
reg,δ(k1,k2) = F2(k1,k2) e
−k2σ2
d (31)
with the quantity σd defined by
σ2d =
∫
dq
6pi2
{G1(q)}
2
P0(q). (32)
Since the integrals involved in the expression are mostly
the form similar to what we saw in Eq. (28), the cost to
numerically compute PT kernels as well as to evaluate
integrals remains the same as in the standard PT cal-
culations. Thus, the kernel data stored for standard PT
calculation can be directly applied to the RegPT calcula-
tion. Note that in modified gravity cases, the exponential
damping factor generally receive some corrections associ-
ated with nonlinear screening mechanism, but impact of
this corrections is shown to be negligible in f(R) gravity
at the scales of our interest [31].
Fig. 2 presents the one-loop power spectra obtained
from the RegPT treatment (long-dashed) in GR (left)
and f(R) gravity (right). The results are compared with
standard PT results (short-dashed) and linear theory pre-
dictions (dotted). Here, we also present the power spec-
tra data measured from N -body simulations, which are
taken from Ref. [31]. Because of the exponential damp-
ing factor in the propagators, a large suppression of power
spectrum appears at relatively low-k in the one-loop re-
sults, and the agreement with simulation is mostly com-
parable to that of the standard PT results. Nevertheless,
a crucial point is that with the damping behavior, RegPT
can capture the major trend of the nonlinear smearing in
the acoustic signature of power spectrum, successfully
reproducing quite well the acoustic peak seen in the cor-
relation function. By contrast, standard PT fails to com-
pute the correlation function because of the bad high-k
behavior.
8As another interesting example, we consider a system-
atic construction of propagator in Ref. [16] called MPT-
breeze, with which we can develop two-loop calculations
using the PT kernels up to third order. The power spec-
trum of MPTbreeze at two-loop order is given by
PMPTδδ (k) =
{
Γ
(1)
MPT,δ(k)
}2
P0(k)
+ 2
∫
d3q
(2pi)3
{
Γ
(2)
MPT,δ(q,k − q)
}2
P0(q)P0(|k − q|)
+ 6
∫
d3pd3q
(2pi)6
{
Γ
(3)
MPT,δ(p, q,k − p− q)
}2
× P0(p)P0(q)P0(|k − p− q|) (33)
with the propagators:
Γ
(n)
MPT,δ(k1, · · · ,kn) = Fn(k1, · · · ,kn)
× exp
3 ∫ d3q(2pi)3F3(q,−q,k)P0(q)
F1(k)
 . (34)
Eq. (33) involves the six-dimensional integral, for which
we evaluate with Monte Carlo technique [38].[58] Note
that the MPTbreeze treatment with Eqs. (33) and (34)
has been originally proposed and applied to the power
spectrum in the ΛCDM model (i.e., GR). Nevertheless,
the propagators constructed with this treatment similarly
behave like what is obtained from RegPT, and we may
apply MPTbreeze to the power spectrum calculations in
modified gravity models.
In Fig. 2, the power spectra obtained from the MPT-
breeze treatment are plotted in solid lines. With the
two-loop order calculations, the agreement with simu-
lations is improved in both GR and f(R) gravity, and
the MPTbreeze results reproduce the power spectrum
well in a range wider than RegPT and standard PT. A
close look at the BAO feature reveals that the MPT-
breeze tends to predict a more pronounced acoustic sig-
nal, and slightly over-predicts the simulations (see third
peak at z = 2 or second bump at z = 1). This would be
partly due to the incomplete mode-coupling treatment in
constructing the multi-point propagators [20]. In partic-
ular, compared to the RegPT treatment, the two-point
propagators in MPTbreeze, Γ
(1)
MPT, ignore the two-loop
corrections, which are known to slightly reduce the am-
plitude of propagators [19]. This would be a source of
small discrepancy. Despite a small flaw, MPTbreeze out-
performs RegPT one-loop, and with the PT kernels up to
the third-order, it would give an efficient PT prediction
beyond one-loop calculations.
C. Transient from Zel’dovich initial condition
So far, the numerical PT treatment has been per-
formed with the initial conditions dominated by the lin-
ear growing-mode solution in Sec. III B. As we men-
FIG. 3: Impact of transient from Zel’dovich initial condition
on the matter power spectrum. Based on the standard PT
calculation at one-loop order, impact of transient is estimated
with two different initial redshifts (ZA zi = 49 and ZA zi = 24,
from top to bottom in each panel). The results are normalized
to the reference spectra, Pref(k), computed with the growing-
mode initial condition: z = 0 (top), z = 1 (middle) and z = 3
(bottom). The solid and dotted lines respectively represent
the results in f(R) gravity and GR.
tioned, the present numerical scheme is not only appli-
cable to such a case, but also relevant to general initial
conditions. Here, as an interesting example, we examine
the power spectrum calculation with Zel’dovich initial
condition.
The Zel’dovich approximation serves as a relevant ini-
tial condition close to the one dominated by the linear
growing-mode and has been frequently used in the cos-
mological N -body simulations. However, a small devia-
tion of Zel’dovich dynamics from the growing-mode lin-
ear perturbation is known to excite a long-lived transient
which can affect the statistical properties of density and
velocity fields. The impact of this transient is character-
ized by the initial redshift zi, and has been investigated
in detail both with simulation and PT in standard cos-
mological model (e.g., [39, 40]), although little work has
been done in the modified gravity models because of the
complexity and time-consuming numerical simulation in
the presence of nonlinear scalar field. Here, based on the
PT calculations, we shall evaluate the impact of transient
in f(R) gravity, and the results are compared with those
obtained in GR.
In the PT treatment, the impact of Zel’dovich transient
9on the late-time statistical properties is investigated by
replacing the initial condition in Eq. (26) with [39, 40]
Fn(k1, · · · ,kn; ai) = a
n
i F˜
ZA
n (k1, · · · ;kn), (35)
Gn(k1, · · · ,kn; ai) = a
n
i G˜
ZA
n (k1, · · · ;kn). (36)
where the kernels F˜ZAn and G˜
ZA
n are the symmetrized
PT kernels in the Zel’dovich dynamics, and are explicitly
given below up to the third order [9, 40]:
F˜ZA2 (k1,k2) =
1
4
{
α(k1,k2) + α(k2,k1) + β(k1,k2)
}
,
G˜ZA2 (k1,k2) =
1
2
β(k1,k2),
F˜ZA3 (k1,k2,k3) =
1
9
{
α(k1,k23) F˜
ZA
2 (k2,k3)
+ α(k23,k1) G˜
ZA
2 (k2,k3) + 2 perm
}
+
1
18
{
β(k1,k23)G˜
ZA
2 (k2,k3) + 2 perm
}
,
G˜ZA3 (k1,k2,k3) =
1
6
{
β(k1,k23) G˜
ZA
2 (k2,k3) + 2 perm
}
.
Adopting the initial conditions for PT kernels given
above, we create the new kernel data, from which we
compute the standard PT power spectrum in Eq. (28).
The results are then divided by those obtained with the
standard growing-mode initial conditions in Sec. III B.
Fig. 3 plots the output results at z = 0, 1 and 2 (from
top to bottom). Two different colors indicate the dif-
ferent initial redshifts: zi = 24 (red) and zi = 49 (blue).
Solid lines are the results in f(R) gravity, which are com-
pared with those in GR (dotted). Note that despite the
differences in cosmological parameters, the results in the
GR case remarkably agree with those in Ref. [39] (see
dotted lines of their Fig. 6).
Fig. 3 implies that the impact of the transients in
f(R) gravity is almost at the same level as seen in GR.
Since the modification of gravity becomes negligible at
higher redshifts and a noticeable difference appears only
at z . 2, the results look quite reasonable. Although the
standard PT is applicable to a certain narrow range in k,
it is shown to quantitatively explain the overall trend of
the transients in the GR simulations [39], and we thus ex-
pect that the results in f(R) gravity is also the case. One
important implication and/or remark in modified grav-
ity is that the impact of the transients resembles that
of the nonlinear screening effect on the power spectrum.
Since the screening effect can affect the power spectrum
even at the large scales of our interest (e.g., [28, 41, 42]),
a precision control of the N -body simulation is rather
crucial in modified gravity in order to discriminate the
impact of screening effect from Zel’dovich transients. In
this respect, the present PT calculations provide a help-
ful guideline to investigate this issue.
D. Application to redshift-space distortions
Since the present numerical scheme directly recon-
structs the PT kernels as building block of PT, a num-
ber of applications other than presented is still possible.
Here, as final remark, we comment on the application to
the redshift-space distortions (RSD). The effect of RSD is
inevitable for spectroscopic measurements of galaxy clus-
tering, and it has to be taken into account for a proper
comparison to the observations. The RSD is accounted
simply for mapping from real to redshift spaces through
s = r + vzzˆ/(aH), where the vectors r and s respec-
tively indicate the real- and redshift-space positions, vz
is the line-of-sight component of peculiar velocity, and zˆ
is the unit vector parallel to the line-of-sight direction.
Despite its concise expression, modeling the RSD effect
on power spectrum is nontrivial due to the nonlinear na-
ture of mapping formula, and both the non-Gaussianity
and cross talk with small-scale clustering need to be in-
corporated into model of RSD in a proper manner.
Among various improved RSD models recently pro-
posed, one PT-based model of redshift-space power spec-
trum is given by [43–45]
P (S)(k, µ) = e−(kµσv)
2
{
Pδδ(k) + 2µ
2Pδθ(k) + µ
4Pθθ(k)
+A(k, µ) +B(k, µ)
}
, (37)
where µ is the directional cosine defined by µ = k · zˆ/|k|,
and σv is a free parameter accounting for the non-
perturbative suppression due to the coherent and small-
scale virialized motions. In the parenthesis, while the
first three terms represent the nonlinear generalization
of Kaiser term (e.g., [46–48]), the A and B terms are the
next-to-leading order corrections coming from the sys-
tematic expansion of the exact power spectrum expres-
sion, and are expressed as the integrals of the bispectra
and square of power spectra (see [43–45] for explicit ex-
pressions). The model given in Eq. (37) has been tested
in both GR and f(R) gravity [31, 43–45, 49–51], and
applied to the observations to simultaneously constrain
geometric distances and growth of structure [52–54].
In similar manner to the real-space power spectrum,
provided the kernels up to the third order, we can eval-
uate Eq. (37) at one-loop order[59]. In Ref. [55], based
on Eq. (37), the numerical PT treatment has been ap-
plied to the computation of the redshift-space correlation
function in f(R) gravity . Applying it to the anisotropic
galaxy clustering data, a robust constraint on the model
parameter, |fR,0|, was obtained. We do not repeat the
PT calculations, but we note here that Eq. (37) does not
assume any underlying theory of gravity, and can be ap-
plied to any modified gravity (see Bose & Koyama along
the line of this direction). With the present PT scheme,
we uncover a variety of modified gravity models and will
be able to perform a specific but a more severe test of
gravity beyond the consistency test of GR.
10
V. SUMMARY
In this paper, we presented a simple but powerful
scheme to compute the perturbation theory (PT) ker-
nels in general structure formation scenarios including
modified gravity. The approach may be primitive, but it
has versatile applicability to the statistical calculations
of large-scale structure at weakly nonlinear regime. With
the numerically reconstructed kernels up to the third or-
der, we demonstrated the power spectrum calculations
in both GR and f(R) gravity based on the standard PT
and resummed PT. With the MPTbreeze prescription,
one can even perform a two-loop calculation, with which
the prediction in a wider applicable range is made avail-
able. Further, with the numerical kernels starting with
Zel’dovich initial conditions, the impact of transients on
the matter power spectrum has been examined in f(R)
gravity. With a help of a model of redshift-space dis-
tortions, the present scheme can be also applied to the
calculation of redshift-space power spectrum or correla-
tion function as practical observables, and we commented
on the cosmological analysis based on the numerical PT
kernels.
Although the demonstrations presented here restrict
the cases using PT kernels up to the third order, a recon-
struction of higher-order PT kernels should be straight-
forward in principle, and implementing the parallel com-
putation scheme, a much faster PT calculation will be
made possible, further enlarging the applicability of the
present method. This paper describes the numerical
treatment focusing on the evolution equations of the PT
kernels with a specific linear operator [Eqs. (III) and
(16)]. But the methodology itself is quite general, and
one can also apply to other type of evolution equations
with different linear operator. The methodology might
be useful to investigate an improved description of large-
scale structure beyond the single-stream approximation.
Acknowledgments
The author would like to thank Takashi Hiramatsu
for discussion and helpful comments, and Benjamin
Bose and Kazuya Koyama for suggestions on the
future applications. This work was supported by
MEXT/JSPS KAKENHI Grant Number JP15H05899
and JP16H03977.
[1] B. Jain et al. (2013), 1309.5389.
[2] D. Huterer et al., Astropart. Phys. 63, 23 (2015),
1309.5385.
[3] D. H.Weinberg, M. J. Mortonson, D. J. Eisenstein, C. Hi-
rata, A. G. Riess, and E. Rozo, Phys. Rept. 530, 87
(2013), 1201.2434.
[4] F. Bernardeau, S. Colombi, E. Gaztanaga, and R. Scoc-
cimarro, Phys. Rept. 367, 1 (2002), astro-ph/0112551.
[5] M. H. Goroff, B. Grinstein, S. J. Rey, and M. B. Wise,
Astrophys. J. 311, 6 (1986).
[6] M. Crocce and R. Scoccimarro, Phys. Rev. D73, 063519
(2006), astro-ph/0509418.
[7] N. Makino, M. Sasaki, and Y. Suto, Phys. Rev.D46, 585
(1992).
[8] B. Jain and E. Bertschinger, Astrophys. J. 431, 495
(1994), astro-ph/9311070.
[9] R. Scoccimarro and J. Frieman, Astrophys. J. Suppl.
105, 37 (1996), astro-ph/9509047.
[10] R. Scoccimarro and J. Frieman, Astrophys. J. 473, 620
(1996), astro-ph/9602070.
[11] R. Scoccimarro, Astrophys. J. 487, 1 (1997), astro-
ph/9612207.
[12] M. Crocce and R. Scoccimarro, Phys. Rev. D73, 063520
(2006), astro-ph/0509419.
[13] M. Crocce and R. Scoccimarro, Phys. Rev. D77, 023533
(2008), 0704.2783.
[14] T. Matsubara, Phys. Rev. D77, 063530 (2008),
0711.2521.
[15] A. Taruya and T. Hiramatsu, Astrophys.J. 674, 617
(2008), 0708.1367.
[16] M. Crocce, R. Scoccimarro, and F. Bernardeau, Mon.
Not. Roy. Astron. Soc. 427, 2537 (2012), 1207.1465.
[17] F. Bernardeau, M. Crocce, and R. Scoccimarro, Phys.
Rev. D78, 103521 (2008), 0806.2334.
[18] F. Bernardeau, M. Crocce, and R. Scoccimarro,
Phys.Rev. D85, 123519 (2012), 1112.3895.
[19] F. Bernardeau, A. Taruya, and T. Nishimichi, Phys.Rev.
D89, 023502 (2014), 1211.1571.
[20] A. Taruya, F. Bernardeau, T. Nishimichi, and S. Codis,
Phys.Rev. D86, 103528 (2012), 1208.1191.
[21] R. Takahashi, Prog. Theor. Phys. 120, 549 (2008),
0806.1437.
[22] M. Pietroni, JCAP 0810, 036 (2008), 0806.0971.
[23] T. Hiramatsu and A. Taruya, Phys. Rev. D 79, 103526
(2009), 0902.3772.
[24] M. Fasiello and Z. Vlah (2016), 1604.04612.
[25] J. Khoury and A. Weltman, Phys.Rev. D69, 044026
(2004), astro-ph/0309411.
[26] A. A. Starobinsky, JETP Lett. 86, 157 (2007), 0706.2041.
[27] W. Hu and I. Sawicki, Phys.Rev. D76, 064004 (2007),
0705.1158.
[28] K. Koyama, A. Taruya, and T. Hiramatsu (2009),
0902.0618.
[29] P. Valageas, Astron. Astrophys. 465, 725 (2007), astro-
ph/0611849.
[30] J. Carlson, M. White, and N. Padmanabhan, Phys. Rev.
D80, 043531 (2009), 0905.0479.
[31] A. Taruya, T. Nishimichi, F. Bernardeau, T. Hira-
matsu, and K. Koyama, Phys.Rev. D90, 123515 (2014),
1408.4232.
[32] Y. Takushima, A. Terukina, and K. Yamamoto, Phys.
Rev. D92, 104033 (2015), 1502.03935.
[33] W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P.
Flannery (1992).
[34] A. Lewis, A. Challinor, and A. Lasenby, Astrophys. J.
538, 473 (2000), astro-ph/9911177.
11
[35] G. Hinshaw et al. (WMAP), Astrophys.J.Suppl. 208, 19
(2013), 1212.5226.
[36] M. Schmittfull, Z. Vlah, and P. McDonald, Phys. Rev.
D93, 103528 (2016), 1603.04405.
[37] J. E. McEwen, X. Fang, C. M. Hirata, and J. A. Blazek
(2016), 1603.04826.
[38] T. Hahn, Comput. Phys. Commun. 168, 78 (2005), hep-
ph/0404043.
[39] M. Crocce, S. Pueblas, and R. Scoccimarro, Mon. Not.
Roy. Astron. Soc. 373, 369 (2006), astro-ph/0606505.
[40] R. Scoccimarro, Mon. Not. Roy. Astron. Soc. 299, 1097
(1998), astro-ph/9711187.
[41] H. Oyaizu, M. Lima, andW. Hu, Phys. Rev.D78, 123524
(2008), 0807.2462.
[42] G.-B. Zhao, B. Li, and K. Koyama, Phys. Rev. D83,
044007 (2011), 1011.1257.
[43] A. Taruya, T. Nishimichi, and S. Saito, Phys.Rev. D82,
063522 (2010), 1006.0699.
[44] T. Nishimichi and A. Taruya, Phys.Rev. D84, 043526
(2011), 1106.4562.
[45] A. Taruya, K. Koyama, T. Hiramatsu, and A. Oka,
Phys.Rev. D89, 043509 (2014), 1309.6783.
[46] N. Kaiser, Mon. Not. Roy. Astron. Soc. 227, 1 (1987).
[47] R. Scoccimarro, Phys. Rev. D70, 083007 (2004), astro-
ph/0407214.
[48] A. J. S. Hamilton (1997), astro-ph/9708102.
[49] A. Taruya, T. Nishimichi, and F. Bernardeau (2013),
1301.3624.
[50] Y.-S. Song, T. Okumura, and A. Taruya, Phys. Rev.
D89, 103541 (2014), 1309.1162.
[51] Y. Zheng and Y.-S. Song (2016), 1603.00101.
[52] A. Oka, S. Saito, T. Nishimichi, A. Taruya, and K. Ya-
mamoto, Mon.Not.Roy.Astron.Soc. 439, 2515 (2014),
1310.2820.
[53] E. V. Linder, M. Oh, T. Okumura, C. G. Sabiu, and Y.-S.
Song, Phys. Rev. D89, 063525 (2014), 1311.5226.
[54] F. Beutler et al. (BOSS Collaboration) (2013), 1312.4611.
[55] Y.-S. Song, A. Taruya, E. Linder, K. Koyama, C. G.
Sabiu, G.-B. Zhao, F. Bernardeau, T. Nishimichi,
and T. Okumura, Phys. Rev. D92, 043522 (2015),
1507.01592.
[56] This might be regarded as a specific initial condition in
the sense that the randomness of the velocity field is de-
termined solely by the initial density field, however, it is
relevant for most of the scenarios.
[57] To be precise, timing results are obtained on MacBook
Pro with a 2.9GHz Intel Core i5 processor, using the Intel
compiler.
[58] The six-dimensional integral involves the symmetrized
kernel F3. Unlike the previous cases, it cannot be tabu-
lated as the three-dimensional array, and this may require
a bit costly numerical integration.
[59] Note that the A and B terms appear at higher order,
and thus the tree-level calculations are sufficient for the
bispectra and power spectra in these terms
